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The modular group PSL2(Z) is well known to be the group of linear fractional transformations of the upper half of the
complex plane. It is isomorphic to the quotient SL2(Z)/K of the special linear group by its center K = {−I, I}. It
acts on the hyperbolic plane as a discrete subgroup of PSL2(R). Our work concerns the identification of quotients of
PSL2(Z) by the normal subgroups N(g) generated by a single element g. We will demonstrate great variation in the
quotient types depending on the parity of the length of generating word, and apply these differences through evaluating
the Cayley diagrams of these quotient groups. We will also develop an understanding of these N(g) by the action of




In mathematics, group theory studies algebraic structures known to mathematicians as groups. Groups are a recurring
structure throughout mathematics and so group theory has influenced much of the study of algebra. Group theory has
many practical applications in physics and chemistry including the modeling of hydrogen atoms and crystals.
Mathematicians also study many types of spaces including Euclidean space, spherical space, and hyperbolic space.
Euclidean space is modeled as the Cartesian plane. In Euclidean space the sum of the angles of a triangle must be 180
degrees. Spherical space is the surface of a sphere. In spherical space the sum of the angles of a triangle is greater than
180 degrees. Hyperbolic space is characterized by having constant negative curvature. In hyperbolic space the sum of
the angles of a triangle is less than 180 degrees.




The material that this thesis examines mainly focuses on group theory (free product groups and normal subgroups),
group actions, and hyperbolic space. Before giving some deeper results, wemust first introduce some basic terminology
and notation. The definitions and theorems in this section come from Gallian [3]; for a more complete treatment of
groups see his work. All concepts surrounding N(g) are newly defined and do not come from Gallian’s text.
1. Groups
We must first recall some basic definitions from group theory and also introduce the concept of free groups, which are
integral to this thesis.
Definition 1.1. Let G be a nonempty set together with a binary operation ∗ that assigns to each ordered pair (a, b) of
elements of G an element in G denoted by a ∗ b. We say that G is a group under this operation if the following three
properties are satisfied:
(1) The operation is associative; that is, we have x ∗ (y ∗ z) = (x ∗ y) ∗ z for all x, y, z ∈ G.
(2) There is an element e (called the identity in G) such that e ∗ x = x = x ∗ e for all x ∈ G.
(3) For each element x ∈ G there is an element y ∈ G (called the inverse of x) satisfying x∗y = e and y∗x = e.
We write ab for a ∗ b when the operation is clear.
Examples of groups appearing in this paper are:
(1) Cyclic groups Zn
(2) Dihedral groups D2n
(3) Symmetric groups Sn
(4) Alternating groups An
(5) Direct products G×H
(6) Semi-direct products GoH
(7) Matrix groups GLn(Zp) and SLn(Zp), where p is prime
Definition 1.2. If a nonempty subset H of a group G is itself a group under the operation of G, we say that H is a
subgroup of G.
Theorem 1.3. LetG be a group andH be a nonempty subset ofG. ThenH is a subgroup ofG if ab−1 is inH whenever
a and b are in H .
Proof. Since the operation of H is the same as that of G, it is clear that this operation is associative. Next we
show that e is inH. SinceH is nonempty, we may pick some x ∈ H . Then letting a = x and b = x in this hypothesis
we have have e = xx−1 = ab−1 which is in H . To verify that x−1 is in H whenever x is in H , choose a = e and
b = x in the statement of the theorem. Finally, the proof will be complete when we show that H is closed; that is, if
x, y ∈ H , we must show that xy ∈ H . We have already shown that y−1 is in H whenever y is. So letting a = x and
b = y−1, we have xy = x(y−1)−1 = ab−1 ∈ H . 
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Definition 1.4. A subgroupN ⊂ G is called a normal subgroup if and only if xNx−1 ⊂ N for all x ∈ G, i.e. if for
all n ∈ N and x ∈ G we have xnx−1 ∈ N .
Definition 1.5. Let (G, ∗) and (H, ·) be groups. A mapping φ : G → H is said to be a homomorphism from G to
H if it preserves group operation, i.e.
φ(a ∗ b) = φ(a) · φ(b)
for all a, b ∈ G. If in addition f is one-to-one and onto, then f is said to be an isomorphism from G to H .
Definition 1.6. Given the groups G and H , we construct the free product G ∗H of G and H given by the set of all
words of finite length with the elements from G and H , with the operation given by concatenation.





where H contains g.
Proposition 1.8. IfM is normal in G and g ∈M , then N(g) ⊂M.
Proof. Consider N(g) ∩M , which is nonempty, since g ∈ N(g) and g ∈ M.We know the intersection of two
normal groups is normal, so N(g) ∩M is normal in G. Then we have two cases:
Case 1: If N(g) ∩M = N(g), then N(g) ∩M ⊂M. So N(g) ⊂M.
Case 2: If N(g) ∩M ⊂ N(g), then N(g) is not the smallest normal subgroup containing g, a contradiction. Thus
N(g) ⊆M . 
Proposition 1.9. Let g, k ∈ G. Then N(g) = N(kgk−1).
Proof. Note that g = k−1(kgk−1)k ∈ N(kgk−1) since N(kgk−1) is normal. So N(g) ⊂ N(kgk−1). Then
kgk−1 ∈ N(g) since N(g) is normal. Hence N(kgk−1) ⊂ N(g). 
Proposition 1.10. Let g ∈ G. Then N(g) = N(g−1).
Proof. We have g−1 ∈ N(g) by closure. So N(g−1) ⊂ N(g). Similarly (g−1)−1 = g ∈ N(g−1) by closure.
Then N(g) ⊂ N(g−1). 
Definition 1.11. Let I be an indexing set. For each α ∈ I consider Z = 〈gα〉. Then define
∐
α∈I〈gα〉 to be the group
of finite length words in the gα, with the operation given by concatenation.





Definition 1.12. Let I and J be indexing sets. For each α ∈ I consider Z = 〈gα〉. For all β ∈ J , let rβ be a
finite-length word in gα. Define ∐
α∈I
〈gα〉/N({rβ}β∈J)
to be designated by G = 〈gα : α ∈ I | rβ : β ∈ J〉 or 〈g1, . . . , gm | r1, . . . , rk〉 if I and J are finite. Here we call
{gα}α∈I to be the set of generators of G and {rβ}β∈J to be the set of relations. We denote G = 〈gα : α ∈ I | rβ :
β ∈ J〉 or 〈g1, . . . , gm | r1, . . . , rk〉 to be the generator-relation notation of G.
Examples of Groups:
(1) The group Z× Z can be written 〈g, h : ghg−1h−1〉. Note that Z× Z is abelian.
(2) An element ofG∗H is of the form gm11 hn11 gm22 hn22 · · · gmkk hnkk ,where gi ∈ G, hj ∈ H andm1, n1, . . . ,mk, nk ∈
Z.
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(3) Consider Z2 ∗Z3 = 〈a, b : a2, b3〉. This is the free product group generated by an element of order 2 and an
element of order 3. Elements of Z2 ∗ Z3 are of the form abn1abn2 · · · abnm , where n1, . . . , nm ∈ {0, 1, 2}.
We will be studying this group in the remainder of this dissertation.
(4) If G = 〈g1, . . . , gs : r1, . . . , rt〉 and H = 〈h1, . . . , hn : s1, . . . , sm〉. Then we have
G ∗H = 〈g1, . . . , gs, h1, . . . , hn : r1, . . . , rt, s1, . . . , sm〉.
2. Group actions
Now that we have some group theory groundwork, we will discuss group actions. In this section definitions and
theorems come from Gallian. [3]
Definition 2.1. A group action of a group G on a set A is a map from G×A to A (written as g · a for all g ∈ G and
a ∈ A) satisfying the following properties:
• g1 · (g2 · a) = (g1g2) · a, for all g1, g2 ∈ G and a ∈ A;
• e · a = a for all a ∈ A.
Definition 2.2. Let G be a group acting on a set A and let a ∈ A. Then the orbit of a is the set
OrbG(a) = {x ∈ A | g · a = x for some g ∈ G}.
Definition 2.3. The stabilizer of a in G is the set StabG(a) = {g ∈ G|g · a = a}.
Definition 2.4. LetG be a group action on a setA. Then a fundamental domain is a subsetAwhich contains exactly
one point from each orbit.
Then fundamental domain serves as a geometric realization for the abstract set of representatives of the orbits.
Theorem 2.5. Orbit Stabilizer Theorem: Let G be a finite group acting on a set A. Then for any a ∈ A, we have
|G/StabG(a)| = |OrbG(a)|, i.e. |G| = |OrbG(a)||StabG(a)|.
Proof. By Lagrange’s theorem we know that |G|/|StabG(a)| is the number of distinct left cosets of StabG(a) in
G. Thus it suffices to establish a one-to-one correspondence between the left cosets of StabG(a) and the elements in
the orbit of a. We define a correspondence T by mapping the cosets φ · StabG(a) to φ(a) under T . To show that T
is a well-defined function we must show that α · StabG(a) = β · StabG(a) implies α(a) = β(a). But α(a) = β(a)
implies that αβ−1 ∈ StabG(a), so that (α−1β(a) = a, thus StabG(a) = α−1β · StabG(a). Reversing the argument
from the last step to the first shows that T is also one-to-one. We conclude the proof by showing that T is onto. Let
j ∈ OrbG(a). Then α(a) = j for some α ∈ G and clearly T (α) · StabG(a) = α(a) = j, so that T is onto. 
3. Hyperbolic space
Now we will introduce hyperbolic space, which is the primary space in which this thesis will work. The definitions
and theorems in this section come from Ratcliffe. [11]
Definition 3.1. The Lorentzian inner product of x and y, where x and y are vectors in Rn is given by
x ◦ y = −x1y1 + x2y2 + · · ·+ xnyn.
Definition 3.2. The Lorentzian norm of a vector x ∈ Rn is defined to be the complex number ||x|| = (x◦x) 12 .Note
that ||x|| is either positive, zero, or positive imaginary. If ||x|| is imaginary we denote its modulus by ||x||.
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Definition 3.3. The Lorentzian distance between vectors x and y in Rn is given by dL(x, y) = ||x − y||. Here
dL(x, y) is a complex number and positive, zero, or positive imaginary.
Definition 3.4. Let x and y be vectors in Rn. Then there is a unique non-negative real number η(x, y) such that
x ◦ y = ||x||||y|| cosh η(x, y),
where η(x, y) is defined to be the Lorentzian angle between x and y.
Definition 3.5. The set of all vectors inRn such that ||x|| = 0 gives the hyper-coneCn−1. This can also be described
by the equation x21 = x22 + · · ·+ x2n.
The hyper-cone is called the light cone of Rn.
Definition 3.6. If ||x|| = 0, then x is said to be light-like; i.e. x is on the hyper-cone Cn−1.
If ||x|| > 0, then x is said to be space-like. Thus x satisfies the following inequality: x21 < x22 + · · ·+ x2n.Moreover
x is in the exterior of Cn−1.
If ||x|| < 0, then x is said to be time-like. Thus x satisfies the following inequality: x21 > x22 + · · ·+ x2n.Moreover x
is in the interior of Cn−1.
Definition 3.7. Let V be a vector subspace of Rn. Then V is said to be:
• time-like if and only if V has a time-like vector,
• space-like if and only if every nonzero vector in V is space-like, or
• light-like otherwise.
Definition 3.8. Let V be a vector subspace of Rn. Then we define V L = {x ∈ Rn : x ◦ y = 0 for all y ∈ V }.
Claim 3.9. Let V be a vector subspace of Rn. Show that the following are equivalent:
(1) The subspace V is time-like.
(2) The subspace V L is space-like.
(3) The subspace V ⊥ is space-like.
Proof. (1)⇒ (2) Suppose that the subspace V is time-like. Then
V L = {x ∈ Rn : x ◦ y = 0 for all y ∈ V }.
Note that two vectors x and y are orthogonal and if x is time-like, then y must be space-like. Since V is a time-like
subspace, there exists some time-like vector z. Let y ∈ V L. Since every vector in V L must be orthogonal to every
vector in V , then y ∈ V L must be orthogonal to z. Since z is time-like, we know that y must be space-like. Hence all
the vectors in V L are space-like; so V L is space-like.
(2)⇒ (3) Suppose that the subspace V L is space-like. We want to show that the subspace V ⊥ is space-like. Note that
V ⊥ = {x ∈ Rn : x⊥y for all y ∈ V }. Recall that x⊥y if and only if x ◦ y = 0. Thus
V ⊥ = {x ∈ Rn : x⊥y for all y ∈ V } = {x ∈ Rn : x ◦ y = 0 for all y ∈ V } = V L.
Then since V L is space like, then V ⊥ = V L is space-like.
(3)⇒ (1) Suppose that the subspace V ⊥ is space-like. Then there are three cases for V :
Case 1: Suppose V is light-like. Note that if v is a light-like vector, then ||v|| = 0. Let x ∈ V. Then we have
x ◦ v = ||x|| ||v|| cosh η(x, v) = 0 · cosh η(x, v) = 0. Then v ∈ V ⊥. Hence V ⊥ is not space-like, a contradiction.
Thus V cannot be light-like.
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Case 2: Suppose V is space-like. Then let v be a light-like vector and let x ∈ V. Since ||v|| = 0, we have x ◦ v =
||x||||v|| cosh η(x, v) = 0 · cosh η(x, v) = 0. Thus v ∈ V ⊥. Hence V ⊥ is not space-like, a contradiction. Thus V
cannot be space-like.
Case 3: Suppose V is time-like. Then from (1)⇒ (2) we have V L = V ⊥ is space-like. Thus V can be time-like.
Hence in general V is time-like. 
Definition 3.10. A sphere of imaginary radius is defined as Fn = {x ∈ Rn+1 : ||x||2 = −1.}. Note that Fn is
disconnected. In fact Fn is a hyperboloid of two sheets defined by x21 − (x22 + · · ·+ x2n) = 1. Then the hyperboloid
model of Hn of hyperbolic n-space is defined to be the positive sheet of Fn.
[11]
Definition 3.11. Let x, y ∈ Fn and let η(x, y) be the Lorentzian time-like angle between x and y.
Note that since x ◦ y = ||x|| ||y|| cosh η(x, y), then we have cosh dH(x, y) = −x ◦ y.
The stereographic projection of ζ of the open unit ball Dn onto hyperbolic space Fn is defined by projecting x ∈ Dn
away from −en+1 until it meets Hn is the unique point ζ(x).
[11]




, . . . , yn1+yn−1
)
.
Definition 3.12. We define the metric dD on Dn by the formula dD(x, y) = dH(ζ(x), ζ(y)). Then dD is called the
Poincaré metric on Bn. Hence ζ is an isometry from Dn to Fn by definition. Then the metric space of Dn with the
metric dD is called the conformal ball model of hyperbolic n-space.
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Definition 3.13. Upper half-space is defined to be Hn = {(x1, . . . , xn) ∈ Rn : xn > 0}.
The Poincaré half-plane model together with the Poincaré metric makes a model of two-dimensional hyperbolic geom-
etry given by {(x, y) : y > 0} and
d((x1, y1), (x2, y2)) = arccosh
(
1 +




Definition 3.14. Recall that GL2(Z) = {2× 2 invertible matrices with entries from Z}. Then
SL2(Z) = {A ∈ GL2(Z) : ad− bc = 1}. Then we define the modular group as PSL2(Z) = SL2(Z)/〈±I〉.
Note that the modular group Γ is considered to be the group of linear fractional transformations of the upper half
of the complex plane which have the form az+bcz+d , where a, b, c, d ∈ Z and ad − bc = 1. Then the linear fractional





. Then we have Az = az+bcz+d . Hence A ∈ SL2(Z).
The modular group can also be considered to be the group of isometries of the hyperbolic plane, or conformal trans-
formations of the unit disk, or conformal transformations of the upper half-plane. [2]
The modular group acts on the upper half-plane by z 7→ az+bcz+d . We can view the action of the modular group on the
upper half-plane in the following tessellation:
All pictures come from the Wikipedia page on the modular group. [14]
Here each triangle is a domain, where a fundamental domain is a subset of the space which contains exactly one point
from each of the orbits. The grey fundamental domain is defined as:
R =
{















Note that S has order 2 and T has infinite order. [2]





, since S−1ST = T. Then U has order 3.
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Hence we can write PSL2(Z) = 〈S,U : S2, U3〉. Then consider a map given by φ : Z2 ∗ Z3 → PSL2(Z) given
by φ(a) = S and φ(b) = U . Clearly φ is well-defined. We can also show that φ is an isomorphism. For injectivity
suppose that φ(g) = φ(h) = M. Then M = SUk1SUk2SUk3 · · ·SUkn . So we have g = abk1abk2 · · · abkn = h.
Hence φ is injective. Then let V = SUm1SUm2SUm3 · · ·SUmn ∈ PSL2(Z). Consider abm1abm2 · · · abmn , then




A significant portion of this thesis deals with the quotient groups of the following free product groups Z2 ∗ Z2 and
Z2 ∗ Z3. It is also important to note that the study of Z2 ∗ Z2 ∼= D∞ began in order to develop some insight into
Z2 ∗ Z3 ∼= PSL2(Z). So in this section we will cover some new results regarding the quotient groups of each free
product group.
We will first consider the quotient groups of Z2 ∗ Z2. Recall that N(g) is the smallest normal subgroup containing g,
where g ∈ G. For the remainder of this thesis we will only be considering the normal groups N(g). More specifically
we will be considering the quotient groups of G/N(g).
1. Quotient groups of Z2 ∗ Z2
Table of quotient groups of Z2 ∗ Z2. Note that we can write Z2 ∗ Z2 = 〈a, b : a2, b2〉. Here a, b are generators
for Z2 ∗ Z2.
We will consider the quotient groups of the form Z2 ∗ Z2/N(g) for g ∈ Z2 ∗ Z2. Note that we can write all elements
of Z2 ∗ Z2 as (ab)n, (ba)n, b(ab)n, and a(ba)n. Then we have (ab)n = ((ba)n)−1. Hence N((ab)n) = N((ba)n).
Also note that when n is even we have (ab)n2 (b(ab)n)(ba)n2 = a and (ba)n2 (a(ba)n)(ab)n2 = b. So when n is even
N(b(ab)n) = N(a) and N(a(ba)n) = N(b). Similarly when n is odd we get N(b(ab)n) = N(b) and N(a(ba)n) =
N(a). Moreover since b and a both have order 2 and are generators we have Z2 ∗ Z2/N(a) ∼= Z2 ∗ Z2/N(b). So
N(a(ba)n) is equal to N(b(ab)n+1). Then we can just consider N((ab)n) and N(a(ba)n).
elements in Z2 ∗ Z2 order Quotient Group Type
aba 2 Z2













The results of this table were derived using Sage. The results of this table shows that the possible quotient groups of
Z2 ∗ Z2 by N(g) where g ∈ Z2 ∗ Z2 are Z2 and D2n. This result is intuitive since Z2 ∗ Z2 ∼= D∞, and the quotient
groups of D∞ are Z2 and D2n. Now we will prove these results.
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Claim 1.1. Let G = Z2 ∗ Z2. Then G/N(a) ∼= Z2.
Proof. Let ψ : G→ Z2 be a map given by
ψ(x) =
{
0 if x = a,
1 mod 2 if x = b.
We want to show that ψ is a homomorphism. First we want to show that ψ is well defined. Let m = n ∈ G.
Then m = (ab)k. Then ψ(m) = ψ((ab)k) = ψ(n) = k mod 2. We need to show that ψ is operation preserving
on the generators of G. Note that ψ(ab) = 1 = ψ(a)ψ(b). Moreover we have ψ(a)2 = e = ψ(e) = ψ(a2) and
ψ(b)2 = 1 + 1 = e = ψ(e) = ψ(b2).
Now we want to show that ψ is surjective. Note that Z2 = {0, 1} and ψ(a) = 0 and ψ(b) = 1.
Then we want to show that N(a) = kerψ. Note that a ∈ kerψ. Hence N(a) ⊂ kerψ. Note that [G : N(a)] = [G :
kerψ][kerψ : N(a)]. Clearly [G : kerψ] = 2.We know that [G : N(a)] = |{eN(a), bN(a)}| = 2, we also know this
from Sage. Hence N(a) = kerψ. Thus G/N(a) ∼= Z2.
We can similarly show that G/N(b) ∼= Z2. 
Claim 1.2. Let G = Z2 ∗ Z2. Then G/N(b(ab)n) ∼= Z2.
Proof. Note that b(ab)n is conjugate to a if n is odd and b is n is even. Hence either N(a) = N(b(ab)n) or
N(b) = N(b(ab)n). Without loss of generality suppose that N(a) = N(b(ab)n). Then clearly G/N(b(ab)n) ∼=
G/N(a) ∼= Z2. Sowe haveG/N(b(ab)n) ∼= Z2.Moreover note that a(b(ab)n)a = a(ba)n+1. HenceG/N(a(ba)m) ∼=
Z2. 
Claim 1.3. We claim that Z2 ∗ Z2/N((ab)n) ∼= D2n.
Proof. Let G = Z2 ∗ Z2. Define [m]n = m mod n. Then let φn : G → D2n be given by φn(a) = ρ[1]nσ and
φn(b) = σ. Note that φn((ab)m) = φn(ab · · · ab) = ρσσ · · · ρσσ = ρ[m]n . Then we want to show that φn is a homo-
morphism. Clearly φ is well-defined. Note that all elements ofG are of the form(ab)i, b(ab)j , (ba)k, a(ba)l.Moreover
note that (ab)i = ((ba)i)−1. Then φ((ab)i)φ((ba)i) = ρ[i]nρ[−i]n = e = φ(e) = φ((ab)i(ba)i). Now consider a
non-trivial product φ((ab)ia(ba)j) = φ((ab)i+ja) = ρ[i+j]nσ = ρ[i]nρ[j]nσ = ρ[i]nσρ[−j]n = φ((ab)i)φ(a(ba)j).
We can similarly check the other non trivial products to see that φn is indeed operation preserving. Thus φn is a
homomorphism.
Now we want to show that φn is surjective. Let x ∈ D2n. Then x is of the form ρ[m]n or ρ[m]nσ. Suppose x = ρ[m]n .
Then φn((ab)m) = ρ[m]n . Suppose x = ρ[m]nσ. Then φn((ab)mb) = ρ[m]nσ. Thus φn is surjective.
Then we know that G/ kerφn ∼= D2n.
Now consider kerφn = {g ∈ G : φn(g) = e}.We know that φn((ab)n) = ρn = e. Then since kerφn is normal and
N((ab)n) is the smallest normal subgroup containing (ab)n, we have N((ab)n) ⊂ kerφn.
Since N((ab)n) ⊂ kerφn, then [G : N((ab)n)] = [G : kerφn][kerφn : N((ab)n)].We know that [G : kerφn] = 2n.
Note that
[G : N((ab)n)] = |{eN((ab)n), aN((ab)n), bN((ab)n), abN((ab)n), baN((ab)n), babN((ab)n),
abaN((ab)n), . . . , (ab)nN((ab)n), (ba)nN((ab)n), b(ab)nN((ab)n)}| = 2n.
Then this result implies that [kerφn : N((ab)n] = 1. Thus kerφn = N((ab)n).
Since G/ kerφn ∼= D2n, we have G/N((ab)n) ∼= D2n. Note that since (ab)n = ((ba)n)−1, we have G/N((ba)n) ∼=
D2n. 
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2. Quotient groups of Z2 ∗ Z3
Table of quotient groups of Z2 ∗ Z3. We will consider the quotient groups of the form Z2 ∗ Z3/N(g) for
g ∈ Z2 ∗Z3. Note that Z2 ∗Z3 = 〈a, b : a2, b3〉. Hence a, b are generators of Z2 ∗Z3. Now let us consider the quotient
groups of G = Z2 ∗ Z3. We can rewrite elements of Z2 ∗ Z3 as ababn1abn2abn3abn4abn5abn6abn7 · · · abnm . For
instance consider the element b2ababab2ab, thenN(b2ababab2ab) = N((b2ab) ·b2ababab2ab(b2ab)−1) = N(abab2).
Then let us consider all the quotient groups of the form G/N(g), where g is of the form ababn1abn2 · · · abn7 . Then
since the exponents of b are in Z3 we can represent g ∈ G as a sequence of 1’s and 2’s representing the exponents of
b. For example the sequence 112221 corresponds to ababab2ab2ab2ab.
Definition 2.1. Let g = abn1 · · · abnr .We say thath is a rotation ofg ifh is of the form abniabni+1 · · · abnrabn1 · · · abni−1
for some i ∈ {1, . . . , r}.
Note that all rotations of an element are in the same normal subgroup. For example consider ababab2ab2ab2ab, then
ab ∗ ababab2ab2ab2ab ∗ (ab)−1 = abababab2ab2ab2.
We can similarly generate all rotations of ababab2ab2ab2ab by conjugation. Since normal subgroups must be closed
under conjugation, we know that, if k, g ∈ G and k is a rotation of g, then k ∈ N(g). Then this result implies that
N(k) = N(g). Thus we need only consider one element of each set of rotations.
Then the table below considers all the quotient groups of the form G/N(g), where
g = ababn1abn2abn3abn4abn5abn6abn7
and only one rotation of g will be considered.
n1 n2 n3 n4 n5 n6 n7 order Isomorphism Group
0 0 0 0 0 0 0 1 {e}
1 0 0 0 0 0 0 6 S3
2 0 0 0 0 0 0 2 Z6
1 1 0 0 0 0 0 12 A4
1 2 0 0 0 0 0 1 {e}
2 2 0 0 0 0 0 1 {e}
1 1 1 0 0 0 0 24 S4
1 1 2 0 0 0 0 2 Z2
1 2 2 0 0 0 0 18 S3 × Z2
2 1 2 0 0 0 0 24 S4
2 2 2 0 0 0 0 2 Z2
1 1 1 1 0 0 0 60 A5
1 1 1 2 0 0 0 3 Z3
1 1 2 2 0 0 0 1 {e}
1 2 1 2 0 0 0 1 {e}
1 2 2 2 0 0 0 1 {e}
2 1 1 2 0 0 0 1 {e}
2 1 2 2 0 0 0 1 {e}
2 2 1 2 0 0 0 1 {e}
2 2 2 2 0 0 0 3 Z3
1 1 1 1 1 0 0 ∞ unknown
1 1 1 1 2 0 0 2 Z2
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n1 n2 n3 n4 n5 n6 n7 order Isomorphism Group
1 1 1 2 2 0 0 6 S3
1 1 2 1 2 0 0 2 Z2
1 1 2 2 2 0 0 48 SL2(Z3) ♥ Z4
1 1 2 2 2 0 0 48 GL2(Z3)
1 2 1 2 2 0 0 42 (Z7 o Z3)o Z2
1 2 2 1 2 0 0 42 (Z7 o Z3)o Z2
1 2 2 2 2 0 0 6 S3
2 1 1 1 2 0 0 2 Z2
2 1 1 2 2 0 0 42 (Z7 o Z3)o Z2
2 1 2 1 2 0 0 ∞ unknown
2 1 2 2 2 0 0 2 Z2
2 2 1 1 2 0 0 42 (Z7 o Z3)o Z2
2 2 1 2 2 0 0 48 GL2(Z3)
2 2 2 1 2 0 0 2 Z2
2 2 2 2 2 0 0 2 Z2
1 1 1 1 1 1 0 ∞ unknown
1 1 1 1 1 2 0 1 {e}
1 1 1 1 2 2 0 3 Z3
1 1 1 2 1 2 0 12 A4
1 1 1 2 2 2 0 1 {e}
1 1 2 1 1 2 0 3 Z3
1 1 2 1 2 2 0 1 {e}
1 1 2 2 1 2 0 1 {e}
1 1 2 2 2 2 0 1 {e}
1 2 1 1 1 2 0 3 Z3
1 2 1 1 2 2 0 1 {e}
1 2 1 2 1 2 0 1 {e}
1 2 1 2 2 2 0 1 {e}
1 2 2 1 1 2 0 1 {e}
1 2 2 1 2 2 0 1 {e}
1 2 2 2 1 2 0 1 {e}
1 2 2 2 2 2 0 3 Z3
2 1 1 1 1 2 0 12 A4
2 1 1 1 2 2 0 1 {e}
2 1 1 2 1 2 0 1 {e}
2 1 1 2 2 2 0 1 {e}
2 1 2 1 1 2 0 1 {e}
2 1 2 1 2 2 0 1 {e}
2 1 2 2 1 2 0 1 {e}
2 1 2 2 2 2 0 12 A4
2 2 1 1 1 2 0 1 {e}
2 2 1 1 2 2 0 1 {e}
2 2 1 2 1 2 0 1 {e}
2 2 1 2 2 2 0 3 Z3
2 2 2 1 1 2 0 1 {e}
2 2 2 1 2 2 0 3 Z3
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n1 n2 n3 n4 n5 n6 n7 order Isomorphism Group
2 2 2 2 1 2 0 12 A4
2 2 2 2 2 2 0 1 {e}
1 1 1 1 1 1 1 ∞ unknown
1 1 1 1 1 1 2 6 Z6
1 1 1 1 1 2 2 6 S3
1 1 1 1 2 1 2 2 Z2
1 1 1 1 2 2 2 2 Z2
1 1 1 2 1 1 2 6 S3
1 1 1 2 1 2 2 2 Z2
1 1 1 2 2 1 2 2 Z2
1 1 1 2 2 2 2 144 [144, 122]
1 1 2 1 1 1 2 120 Z2 ×A5
1 1 2 1 1 2 2 2 Z2
1 1 2 1 2 1 2 6 S3
1 1 2 1 2 2 2 42 (Z7 o Z3)o Z2
1 1 2 2 1 1 2 2 Z2
1 1 2 2 1 2 2 54 ((Z3 × Z3)o Z3)o Z2
1 1 2 2 2 1 2 42 (Z7 o Z3)o Z2
1 1 2 2 2 2 2 2 Z2
1 2 1 1 1 1 2 6 S3
1 2 1 1 1 2 2 2 Z2
1 2 1 1 2 1 2 2 Z2
1 2 1 1 2 2 2 54 ((Z3 × Z3)o Z3)o Z2
1 2 1 2 1 1 2 2 Z2
1 2 1 2 1 2 2 78 (Z13 o Z3)o Z2
1 2 1 2 2 1 2 144 [144, 127]
1 2 1 2 2 2 2 2 Z2
1 2 2 1 1 1 2 2 Z2
1 2 2 1 1 2 2 576 [576, 8273]
1 2 2 1 2 1 2 78 (Z13 o Z3)o Z2
1 2 2 1 2 2 2 2 Z2
1 2 2 2 1 1 2 54 ((Z3 × Z3)o Z3)o Z2
1 2 2 2 1 2 2 2 Z2
1 2 2 2 2 1 2 2 Z2
1 2 2 2 2 2 2 6 S3
2 1 1 1 1 1 2 2 Z2
2 1 1 1 1 2 2 2 Z2
2 1 1 1 2 1 2 6 S3
2 1 1 1 2 2 2 42 (Z7 o Z3)o Z2
2 1 1 2 1 1 2 2 Z2
2 1 1 2 1 2 2 144 [144, 127]
2 1 1 2 2 1 2 78 (Z13 o Z3)o Z2
2 1 1 2 2 2 2 2 Z2
2 1 2 1 1 1 2 6 S3
2 1 2 1 1 2 2 78 (Z13 o Z3)o Z2
2 1 2 1 2 1 2 ∞ unknown
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n1 n2 n3 n4 n5 n6 n7 order Isomorphism Group
2 1 2 1 2 2 2 6 S3
2 1 2 2 1 1 2 78 (Z13 o Z3)o Z2
2 1 2 2 1 2 2 2 Z2
2 1 2 2 2 1 2 6 S3
2 1 2 2 2 2 2 2 Z2
2 2 1 1 1 1 2 2 Z2
2 2 1 1 1 2 2 54 ((Z3 × Z3)o Z3)o Z2
2 2 1 1 2 1 2 78 (Z13 o Z3)o Z2
2 2 1 1 2 2 2 2 Z2
2 2 1 2 1 1 2 144 [144, 127]
2 2 1 2 1 2 2 2 Z2
2 2 1 2 2 1 2 2 Z2
2 2 1 2 2 2 2 6 S3
2 2 2 1 1 1 2 42 (Z7 o Z3)o Z2
2 2 2 1 1 2 2 2 Z2
2 2 2 1 2 1 2 6 S3
2 2 2 1 2 2 2 120 Z2 ×A5
2 2 2 2 1 1 2 2 Z2
2 2 2 2 1 2 2 6 S3
2 2 2 2 2 1 2 2 Z2
2 2 2 2 2 2 2 6 S3
The results of this table were derived using Sage. The groups were identified by group id. We then used Parattu and
Wingerter’s work to identify the groups further. [10]
List of Unknown Group Ids: [144,122], [144,127], [576,8273] (these group ids come from Sage).
Notes about known groups:
Note about ((Z3 × Z3) o Z3) o Z2 = [54, 5]. It is important to note that Aut(Z3 × Z3) = GL2(Z3), which has 48
elements. So φ : Z3 → GL2(Z3) sends 1 to an element of order 3.
Note about (Z7 oφ Z3) oψ Z2 = [42, 1]. Here φ : Z3 → Aut(Z7) = C6, so we have φ(0) = 0 and φ(1) = 2 and
φ(2) = 4. We also have ψ : Z2 → Aut(Z7 oφ Z3). Then note that Aut(Z7 oφ Z3) must be even and abelian. Thus ψ
must be nontrivial.
Note about SL2(Z3) ♥ Z4 = [48, 29]. This is the central product of SL2(Z3) and Z4 Note that |SL2(Z3)| = 24.
Let H and K be groups. Then let H1 ⊂ Z(H) and K1 ⊂ Z(K). Then let θ : H1 → K1 be a map. Then let
N = {(h, k) : h ∈ H, k ∈ K, θ(h)k = 1}. Then we define the central product as H♥K = (H × K)/N. So
|H♥K| = |H||K|/|H1|. So we have |SL2(Z3)♥Z4| = 48 = 24×42 . Then H = SL2(Z3) and K = Z4.We also have











The results of this table show that Z2 ∗Z3 is a rich group with a plethora of possible quotient groups. We will begin to
prove some of the results from the table above.
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3. Results
Claims resulting from the table of quotient groups.
Claim 3.1. Let G = Z2 ∗ Z3. Then G/N(b) ∼= Z2.
Proof. Let ψ : G→ Z2 be a function given by
ψ(x) =
{
1 mod 2, if x = a
0, if x = b
.
We want to show that ψ is a homomorphism. First we want to show that ψ is well defined. Suppose m = n. Then
m = abn1 · · · abnm . Then ψ(m) = ψ(abn1 · · · abnm) = ψ(n) = m mod 2. We need to show that ψ is operation
preserving on the generators. Note that ψ(ab) = 1 = ψ(a)ψ(b) and ψ(ab2) = 1 = ψ(a)ψ(b2). Moreover we have
ψ(a)2 = 1 + 1 = e = ψ(e) = ψ(a2) and ψ(b)3 = e = ψ(e) = ψ(b3).
Now we want to show that ψ is surjective. Note that Z2 = {0, 1} and ψ(b) = 0 and ψ(a) = 1.
Then we want to show that N(b) = kerψ. Note that b ∈ kerψ. Hence N(b) ⊂ kerψ. Note that [G : N(b)] =
[G kerψ][kerψ : N(b)]. Clearly [G : kerψ] = 2.We know that [G : N(b)] = |{eN(b), aN(b)}| = 2, we also know
this from Sage. Hence N(b) = kerψ. Thus G/N(b) ∼= Z2. 
Claim 3.2. Let G = Z2 ∗ Z3. Then G/N(a) ∼= Z3.
Proof. Let φ : G→ Z3 be a function given by
φ(x) =
{
1 mod 3, if x = b
0, if x = a
.
We want to show that φ is a homomorphism. First we want to show that φ is well defined. Suppose m = n. Then
m = abn1 · · · abnm . Then φ(m) = φ(abn1 · · · abnm) = φ(n) = n1 + · · · + nm mod 2. We need to show that φ is
operation preserving on the generators. Note that φ(ab) = 1 = φ(a)φ(b) and φ(ab2) = 2 = φ(a)φ(b2).Moreover we
have φ(a)2 = e = φ(e) = φ(a2) and φ(b)3 = 1 + 1 + 1 = e = φ(e) = φ(b3).
Now we want to show that φ is surjective. Note that Z3 = {0, 1, 2} and φ(a) = 0 and φ(b) = 1 and φ(b2) = 2.
Then we want to show that N(a) = kerφ. Note that a ∈ kerφ. Hence N(a) ⊂ kerφ. Note that [G : N(a)] =
[G kerφ][kerφ : N(a)]. Clearly [G : kerφ] = 3. We know that [G : N(a)] = |{eN(a), bN(a), b2N(a)}|, we also
know this from Sage. Hence N(a) = kerφ. Thus G/N(a) ∼= Z2. 
Claim 3.3. There is a unique N EG of index 2; i.e. if |G/N | = 2 then N = N(b).
Proof. First note that |G/N(b)| = 2. Suppose N E G such that |G/N | = 2. Then there exists a surjective
homomorphism φ : G→ Z2 such that kerφ = N. If we write Z2 = {1, x}, then we claim that φ(b) 6= x. Note that, if
φ(b) = x then φ(b2) = x since b−1 = b2 and x−1 = x. But φ(b)φ(b) = x ∗ x = e 6= x = φ(b2).We have φ(b) 6= x.
Therefore φ(b) = 1. If φ(a) = 1, then φ is trivial. Hence φ is not surjective, a contradiction. Therefore φ(a) = x.
Hence φ, given by φ(a) = x and φ(b) = 1, is the only surjective homomorphism Z2 ∗ Z3 → Z2.
Now we must find N = kerφ. Note that b ∈ kerφ and kerφ C G. Thus since N(b) is the smallest normal subgroup
containing b, we have N(b) ⊆ kerφ = N.
We know that |G/N(b)| = 2 and |G/N | = 2. Note that since N(b) ⊂ N we have [G : N(b)] = [G : N ][N : N(b)].
So we have [N : N(b)] = 1, which implies that N(b) = N. Hence N(b) is the unique normal subgroup of Z2 ∗ Z3
with index 2. 
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Claim 3.4. There is a unique N EG of index 3; i.e. if |G/N | = 3 then N = N(a).
Proof. First note that |G/N(a)| = 3. Suppose there isN EG such that |G/N | = 3. Then there exists a surjective
homomorphism φ : G→ Z3 such that kerφ = N . If we write Z3 = {1, x, x2}, we claim that φ(a) 6= x. If φ(a) = x,
then φ(a2) = φ(e) = 1 since a2 = e. But φ(a)φ(a) = x ∗x = x2 6= e = φ(a2), a contradiction. Therefore φ(a) 6= x.
Similarly φ(a) 6= x2. So φ(a) = 1.
If φ(b) = 1 then φ is trivial and not surjective. Therefore φ(b) = x. Hence φ given by φ(a) = 1 and φ(b) = x or
φ(b) = x2 is the only surjective homomorphism φ : Z2 ∗ Z3 → Z3.Without loss of generality let φ(b) = x.
Now we must find N = kerφ. Note that a ∈ kerφ and kerφ C G. Thus since N(a) is the smallest normal subgroup
containing a, we have N(a) ⊆ N.
We know that |G/N(a)| = 3 and |G/N | = 3. Note that since N(a) ⊂ N we have [G : N(a)] = [G : N ][N : N(a)].
So we have [N : N(a)] = 1, which implies that N(a) = N. Hence N(a) is the unique normal subgroup of Z2 ∗ Z3
with index 3. 
Claim 3.5. The dihedral group D2n for n ≥ 4 never appears as G/N(g).
Proof. Suppose that φ : G/N(g) → D2n is an isomorphism. For convenience we will write N = N(g). Hence
φ(aN)2 = e and φ(bN)3 = e. Then since 2 and 3 are primes we know that either |φ(aN)| = 2 or 1 and |φ(bN)| = 3
or 1. We claim that |φ(bN)| = 3. Note that kerφ = {N}. If φ(bN) = e, then bN = N so b ∈ N. Then N(b) ⊂ N.
Recall that G/N(b) ∼= Z2. Then we have |G/N | ≤ |G/N(b)| = 2, a contradiction. Thus |φ(bN)| = 3. Similarly
|φ(aN)| = 2. Therefore 3 divides 2n.
Note that, if 3 divides 2n, then 3 divides n. Hence n3 ∈ Z. Suppose that φ(bN) = ρ
n
3 . If φ(aN) = ρi for some i, then
φ is not surjective, a contradiction. So φ(aN) = ρiσ for some i ∈ {0, . . . , n− 1}. Since aN and bN generate G/N ,
then φ(aN) and φ(bN) must generate D2n. But 〈ρn3 , ρiσ〉 = {e, ρn3 , ρ 2n3 , ρiσ, ρn3+iσ, ρ 2n3 +iσ} 6= D2n for n ≥ 4.
Similarly if φ(bN) = ρ 2n3 we have 〈ρ 2n3 , ρiσ〉 6= D2n.
Hence for n ≥ 4, we have G/N(g) is not isomorphic to D2n. 
Definition 3.6. We define [G,G] = 〈ghg−1h−1 : g, h ∈ G〉 to be the commutator subgroup. The commutator
subgroup N is the smallest normal subgroup N such that G/N is abelian.
Definition 3.7. We define F2 to be the free group with two generators; i.e. F2 = 〈l, k〉.
Claim 3.8. The quotient G/N(g) is infinite when g = (ab)6.
Proof. Let G = Z2 ∗ Z3 and let g = (ab)6. Recall that [G,G] = 〈ghg−1h−1 : g, h ∈ G〉 is the commutator
subgroup. Then we callG/[G,G] the abelianization ofG. Note that the map ψ : G→ Z2×Z3 induced by a 7→ (1, 0)
and b 7→ (0, 1) is an epimorphism with kernel [G,G]. Since ψ((ab)6) = 0, then g = (ab)6 ∈ [G,G]. There is an
isomorphism φ : G/[G,G]→ Z2 × Z3.
Now we want to show that [G,G] ∼= F2, where F2 is the free group with two generators. Recall that N(g) ⊂ [G,G]
since g ∈ [G,G]. We claim that abab−1 and b−1aba generate [G,G]. Note that abab−1 = aba−1b−1 ∈ [G,G] and
b−1aba = b−1a−1ba ∈ [G,G]. Hence H = 〈abab−1, b−1aba〉 ⊂ [G,G].We know that G/[G,G] ∼= Z2 × Z3, hence
[G : [G,G]] = 6.Using Sage we are able to calculate that [G : H] = 6. Then sinceH ⊂ [G,G], this result implies that
H = [G,G]. Both 〈abab−1〉 and 〈b−1aba〉 are infinite and 〈abab−1〉 ∩ 〈b−1aba〉 is trivial. Then since H is a group
with two generators and no relations we know that [G,G] = 〈abab−1, b−1aba〉 ∼= F2. Also see Newman [8].
Now we want to show that [G,G]/N(g) is a two-generator one-relation group. Given g ∈ [G,G], we have N(g) E
[G,G]. Since [G,G] ∼= F2, then [G,G]/N(g) = 〈abab−1, b−1aba : (ab)6〉. Hence [G,G]/N(g) is a two-generator
3. RESULTS 27
one-relation group. By Macdonald [6] we know that every group with positive deficiency is infinite. Note that de-
ficiency is the number of generators minus the number of relations. Hence [G,G]/N(g) has positive deficiency, so
[G,G]/N(g) is infinite.
Hence∞ = |[G,G]/N(g)| ≤ |G/N(g)|. Thus G/N(g) is also infinite. 
Definition 3.9. We say that g kills G if G/N(g) is trivial. Let R = [G,G].We say that g kills the abelianization of
G if gR kills (G/R); i.e. (G/R)/N(gR) is trivial.
Lemma 3.10. If g killsG, then g kills the abelianization ofG. In other words, ifG/N(g) is trivial, then (G/R)/N(gR)
is trivial, where R = 〈aba−1b−1 : a, b ∈ G〉 = [G,G].
Proof. Suppose that G/N(g) is trivial; i.e. so G = N(g).We want N(gR) = G/R. Suppose hR ∈ G/R then
we want hR ∈ N(gR); i.e. hR ∈ ⋂gR∈N/RN/R, where N EG.
Note that h ∈ N(g) so h ∈ ⋂g∈M M , whereM E G. Let N E G and gR ∈ N/R. Then g ∈ N , so h ∈ N . Hence
hR ∈ N/R. Therefore hR belongs to every such N/R. Hence hR ∈ N(gR).

Claim 3.11. If G/N(g) is trivial, then the length of g is odd.
Proof. LetR = 〈aba−1b−1 : a, b ∈ G〉 = [G,G] and letG/R be the abelianization ofG. We know that if g kills
G then g kills the abelianization of G; i.e. if G/N(g) is trivial then (G/R)/N(g) is trivial.
We want to show that, if g kills the abelianization ofG, then g has odd length. Here odd length means that there are an
odd number of occurrences of b. Note that in the abelianization G/R of G we can rewrite an element abn1 · · · abnmR
as ambn1+n2+···+nmR. Suppose that g has even length. Then we can write gR as a2nbmR,where 2n = m. Then since
a has order 2 we have gR = bmR.Note that if gR = bmR then for allmwe have aR 6∈ N(gR). So aN(gR) 6= N(gR)
in (G/R)/N(gR). Hence aN(gR) ∈ (G/R)/N(gR), which contradicts (G/R)/N(gR) ∼= {e}.
Thus if G/N(g) is trivial, then (G/R)/N(g) is also trivial, so g has odd length. 
Remark: It is in general not true that the following statement holds: for all g, h ∈ Z2 ∗Z3 we haveN(g, h) = N(gh).
Counterexample. Consider the groupN(ab, abab) then using Sage we are able to compute thatG/N(ab, abab) ∼= {e}.
However we know that for N(ababab) we have G/N((ab)3) ∼= A4. Similarly if we consider N = N(abab, ab2ab2)
we have G/N ∼= S3. However we have G/N(ababab2ab2) ∼= Z2 × S3. 

CHAPTER 2
Cayley graphs of Z2 ∗ Z3 and quotient groups
Now that we have some understanding of the quotient groups of Z2 ∗ Z3, we will consider the graphs of both Z2 ∗ Z3
and its quotient groups. In order to graph these groups we must introduce some new machinery.
Definition 0.12. Recall that X ⊂ G is called a generating set if every element of G is obtainable by the product or
sum of elements in X .
A generating set is called symmetric if it is closed under inverses. [4]
Definition 0.13. Let G be a group with a symmetric generating set S. Then the Cayley graph C(G,S) has vertices,
which represents the elements of G, and edges which connect two vertices x and y if and only if xs = y for some
s ∈ S. [4]
Now that we have a way to graph a group, we will graphZ2∗Z3 with the generating set {a, b, b2}. Recall that generating
sets are closed under inverses. We will then consider the graph of the quotient groups of Z2 ∗ Z3.
Now that we have a graph of Z2 ∗Z3, we can look at its quotient groups. In the next sections we will consider the graph
of Z2 ∗ Z3 and compare it to the graphs of the quotient groups.
Cayley graph of (Z2 ∗ Z3)/N(b) ∼= Z2. Below we have the Cayley graph of Z2 ∗ Z3 where the elements of
Z2 ∗ Z3 color-coded by cosets of G/N(b). The color coding is used to visualize the cosets of G/N(b) in the Cayley
graph of Z2 ∗ Z3. In the quotient graph, all the nodes of the same color will collapse onto each other.
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When we collapse each point of similar color onto one another we get the quotient graph. Thus the graph of (Z2 ∗
Z3)/N(b) ∼= Z2 is given by:
The Cayley graph of (Z2 ∗ Z3)/N(b) is isomorphic to the Cayley graph of Z2 with generating set {1}.
In the following examples we will use the same method to understand the quotient graphs of specific N(g). In each
example there will be a color-coded version of the Cayley graph of Z2 ∗Z3 as well as the Cayley graph of the quotient
group.
Cayley graph of (Z2 ∗ Z3)/N(a) ∼= Z3. Below is the color-coded Cayley graph of Z2 ∗ Z3.
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Then the graph of (Z2 ∗ Z3)/N(a) ∼= Z3 is given by:
Thus the Cayley graph of (Z2 ∗ Z3)/N(a) is isomorphic to the Cayley graph of Z3 with generating set {1}.
Cayley graph of (Z2 ∗ Z3)/N(abab2) ∼= Z6. Below is the color-coded Cayley graph of Z2 ∗ Z3.
Then the graph of (Z2 ∗ Z3)/N(abab2) ∼= Z6 is given by:
So the Cayley graph of (Z2 ∗ Z3)/N(abab2) is isomorphic to the Cayley graph of Z6 with generating set {1, 3}.
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Cayley graph of (Z2 ∗ Z3)/N(abab) ∼= S3. Below is the color-coded Cayley graph of Z2 ∗ Z3.
Then the graph of (Z2 ∗ Z3)/N(abab) ∼= S3 is given by:
So the Cayley graph of (Z2 ∗Z3)/N(abab) is isomorphic to the Cayley graph of S3 with generating set {(12), (123)}.
Cayley graph of (Z2 ∗ Z3)/N(ababab) ∼= A4. Below is the color-coded Cayley graph of Z2 ∗ Z3.
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Then the graph of (Z2 ∗ Z3)/N(ababab) ∼= A4 is given by:
So the Cayley graph of (Z2 ∗ Z3)/N(ababab) is isomorphic to the Cayley graph of A4 with generating set
{(12)(34), (123)}.
Cayley graph of (Z2 ∗ Z3)/N((ab)4) ∼= S4. Below is the color-coded Cayley graph of Z2 ∗ Z3.
Then the graph of (Z2 ∗ Z3)/N((ab)4) ∼= S4 is given by:
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So the Cayley graph of (Z2 ∗Z3)/N((ab)4) is isomorphic to the Cayley graph of S4 with generating set {(12), (234)}.
Cayley graph of (Z2 ∗ Z3)/N((ab)5) ∼= A5. Below is the color-coded Cayley graph of Z2 ∗ Z3.
Then the graph of (Z2 ∗ Z3)/N((ab)5) ∼= A5 is given by:
So the Cayley graph of (Z2 ∗ Z3)/N((ab)5) is isomorphic to the Cayley graph of A5 with generating set
{(12)(34), (135)}.
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Cayley Graph of (Z2 ∗ Z3)/N(abab2abab2) ∼= S3 × Z3. Below is the color-coded Cayley graph of Z2 ∗ Z3.
Then the graph of (Z2 ∗ Z3)/N(abab2abab2) ∼= S3 × Z3 is given by:
So the Cayley graph of (Z2 ∗ Z3)/N((ab)5) is isomorphic to the Cayley graph of S3 × Z3 with generating set
{(12)(34), (135)}.
Note that each quotient group has a generator of order 2 and order 3. This result comes from the fact that a and b generate
Z2 ∗ Z3 and |a| = 2 and |b| = 3. Note that the Cayley graph of the quotient groups are made up of 3 cycles because
one of the generators has order 3. Now that we have a fairly in depth understanding of the quotient groups through
their Cayley graphs, we can consider the relation between Z2 ∗ Z3 and PSL2(Z). We will consider the similarities
between these normal groupsN(g) and the principal congruence groups of PSL2(Z).Wewill also consider the action
of PSL2(Z) ∼= Z2 ∗ Z3 (and its normal subgroups) on the upper half-plane H2.

CHAPTER 3
Action of PSL2(Z) on H2











Then we have PSL2(Z) ∼= Z2 ∗ Z3 given by φ : PSL2(Z)→ Z2 ∗ Z3, where φ(S) = a and φ(U) = b.
We know that the modular group can also be considered as the group of linear transformations of the upper half-plane,
i.e. linear fractional transformations of the form az+bcz+d , where x ∈ H2 where a, b, c, d ∈ Z and ad − bc = 1. The






Thus, we can study the action of PSL2(Z) ∼= Z2 ∗Z3 and its normal subgroups. We will primarily be concerned with
finding the fundamental domains of the group actions. Recall that a fundamental domain contains one element of each
orbit. Note that fundamental domains tile the space; i.e. a group action creates a tessellation on the space given by the
fundamental domains.
We will first consider the action ofPSL2(Z) onH2. We know that the fundamental domains ofPSL2(Z) are triangles.
One fundamental domain is represented by the grey region and is defined as
R =
{





Note that the fundamental domain of a normal subgroup of PSL2(Z) will contain at least one of the fundamental
domains above.
37
38 3. ACTION OF PSL2(Z) ON H2
The fundamental domain of the action of 〈S〉 onH2. Wewill first consider the action of the cyclic groups of the
generators of PSL2(Z). Consider 〈S〉 = {S, I}. Then each z ∈ H2 is sent to − 1z . This action results in the following
fundamental domain:
Note that we generally write points on the hyperbolic plane as z ∈ H2 where z = a + bi with a, b ∈ R.We can also
write z = r(cos θ + i sin θ), where r ∈ R and θ ∈ (−pi, pi]. Then in the diagram above we can see that every point
with r < 1 is sent to a point with r > 1. Similarly if we have a point with r = 1 then it is sent to another point on the
geodesic r = 1. For instance i = 1(cos(pi2 + i sin
pi
2 ) and − 1i = i. Hence we get the fundamental domain of 〈S〉 is the
semi-circle of radius 1 centered at the origin. This domain contains infinitely many of the fundamental domains of the
action of PSL2(Z).
The fundamental domain of the action of 〈U〉 on H2. Now we will consider the action of U on H2. Consider
〈U〉 = {U,U2, I}. Then each z ∈ H2 is sent to − 1z+1 or −z−1z . This action results in the following fundamental
domain:
Note that the orbit of z has three elements since |U | = 3. Thus there are three domains. Then in the diagram above
we can see that there is an element of each orbit in every domain. Note that each of these domains contains infinitely
many of the fundamental domains of the action of PSL2(Z).
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The fundamental domain of the action of 〈T 〉 on H2. Now we will consider the action of T on H2. Recall that
T is also a generator for PSL2(Z) since U = ST. Consider 〈T 〉 = {I, T, T 2, T 3, . . .}. Then each z ∈ H2 is sent to
z + n for n ∈ Z. This action results in the following fundamental domain:
Note that the orbit of z is infinite. Hence there are infinitely many domains. Not only are there infinitely many domains
given by this action, but as above each of these domains contains infinitely many of the fundamental domains of the
action of PSL2(Z).
The fundamental domain of the action ofN(S) ∼= N(a) on H2. Now that we have some understanding of the
action of the generators onH2 we can start to consider the action of the normal subgroupsN(g) onH2. Note that since
〈g〉 ⊂ N(g) then the fundamental domain of N(g) will be contained within the fundamental domain of 〈g〉.
First we will consider the action of N(S) ∼= N(a) ⊂ Z2 ∗ Z3. In the diagram below the points of the same color
are in the same orbit. Since a fundamental domain is defined to be a subset of the space which contains exactly one
point from each orbit, we know that only one of these points may be in each fundamental domain. Moreover, in the
following diagrams only one fundamental domain will be highlighted. The diagram serves to give an idea of the form
of the fundamental domains.
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Recall that |Z2 ∗Z3/N(a)| = 3.We will see that the number of fundamental domains of PSL2(Z) in the fundamental
domain of the action of N(g) will beM , where |Z2 ∗ Z3/N(g)| = M. So in the fundamental domain of N(a), there
are three of the triangular domains given by the action of PSL2(Z).
The fundamental domain of the action ofN(U) ∼= N(b) on H2. Now we will consider the action of N(U) ∼=
N(b) ⊂ Z2 ∗ Z3.
Recall that |Z2 ∗Z3/N(b)| = 2. So in the fundamental domain of N(b), there are two of the triangular domains given
by the action of PSL2(Z).
The fundamental domain of the action ofN(SUSU2) ∼= N(abab2) on H2. Now we will consider the action
of N(SUSU2) ∼= N(abab2) ⊂ Z2 ∗ Z3.
Recall that |Z2∗Z3/N(abab2)| = 6. So in the fundamental domain ofN(abab2), there are six of the triangular domains
given by the action of PSL2(Z).
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The fundamental domain of the action ofN(SUSU) ∼= N(abab) on H2. Now we will consider the action of
N(SUSU) ∼= N(abab) ⊂ Z2 ∗ Z3. Note that SUSU = T 2, which means that the action of SUSU = abab can be
given by z + 2 for all z ∈ H2. Then the fundamental domain of 〈abab〉 is:
We know that the fundamental domain of N(SUSU) is contained within the fundamental domain of 〈abab〉. Recall
that |Z2 ∗ Z3/N(abab)| = 6. So in the fundamental domain of N(abab), there are six of the triangular domains given
by the action of PSL2(Z).
Note that even though |Z2 ∗Z3/N(abab2)| = 6 as well, the fundamental domains of these subgroups are different since
the quotient groups are different. Thus although |Z2 ∗ Z3/N(abab)| = 6 and |Z2 ∗ Z3/N(abab2)| = 6, we know that
N(abab) 6∼= N(abab2), since Z2 ∗ Z3/N(abab) ∼= S3 and Z2 ∗ Z3/N(abab2) ∼= Z6.
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The fundamental domain of the action ofN((SU)3) ∼= N((ab)3) on H2. Now we will consider the action of
N((SU)3) ∼= N((ab)3) ⊂ Z2 ∗ Z3. Note that (SU)3 = T 3, which means that the action of (SU)3 = (ab)3 can be
given by z + 3 for all z ∈ H2. Then the fundamental domain of 〈(ab)3〉 is:
We know that the fundamental domain ofN((ab)3) is contained within the fundamental domain of 〈(ab)3〉. Recall that
|Z2 ∗Z3/N((ab)3)| = 12. So in the fundamental domain ofN((ab)3), there are twelve of the triangular domains given
by the action of PSL2(Z).
Recall that Z2 ∗ Z3/N((ab)3) ∼= A4.
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The fundamental domain of the action ofN((SU)4) ∼= N((ab)4) on H2. Now we will consider the action of
N((SU)4) ∼= N((ab)4) ⊂ Z2 ∗ Z3. Note that (SU)4 = T 4, which means that the action of (SU)4 = (ab)4 can be
given by z + 4 for all z ∈ H2. Then the fundamental domain of 〈(ab)4〉 is:
We know that the fundamental domain ofN((ab)4) is contained within the fundamental domain of 〈(ab)4〉. Recall that
|Z2 ∗Z3/N((ab)4)| = 24. So in the fundamental domain ofN((ab)4), there are twenty four of the triangular domains
given by the action of PSL2(Z).
Recall that Z2 ∗ Z3/N((ab)4) ∼= S4.
The fundamental domain of the action ofN((SU)5) ∼= N((ab)5) on H2. Now we will consider the action of
N((SU)5) ∼= N((ab)5) ⊂ Z2 ∗ Z3. Note that (SU)5 = T 5, which means that the action of (SU)5 can be given by
z + 5 for all z ∈ H2. Then the fundamental domain of 〈(SU)5〉 is:
We know that the fundamental domain of N((SU)5) is contained within the fundamental domain of 〈(SU)5〉. Recall
that |Z2 ∗Z3/N((SU)5)| = 60. So in the fundamental domain ofN((SU)5), there are sixty of the triangular domains
given by the action of PSL2(Z).
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Recall that Z2 ∗ Z3/N((ab)5) ∼= A5.
Note that for each (SU)n there are n rectangular segments (the fundamental of domains of 〈T 〉). Since the number of
fundamental domains of PSL2(Z) increases significantly between each of n and n+ 1, then the number of horizontal
layers of triangles increases as n increases.
Next in the progression of N((SU)n) is (SU)6, for which we have not been able to find a fundamental domain. It
is important to recall that |Z2 ∗ Z3/N((ab)6)| = ∞. Since we used Sage to compute the quotient groups and Sage
can only compute finite quotients, we are unable to determine the quotient groupG/N((ab)6). However, we know that
the fundamental domain is contained in 6 rectangular regions, i.e. 6 of the fundamental domains of the action of T ,
since 〈(SU)6〉 is given by z + 6 for all z ∈ H2. We believe that, since the fundamental domains of (SU)n become
more dense as n increases and since |Z2 ∗ Z3/N((ab)6)| = ∞, then infinitely many triangles are part of the domain
of N((ab)6) within the 6 rectangular regions.
Remark: In general it is not true that N((ab)n+1) ⊂ N((ab)n).
Counterexample: Note that since |G/N((ab)4)| = 24 and |G/N((ab)5)| = 60. Note that since 24 does not divide 60,
we know that N((ab)5) 6⊂ N((ab)4).
CHAPTER 4
Correspondence between H2 and the Poincaré disk model
In this chapter we will consider the correspondence between H2 and the Poincaré disk model with respect to the
fundamental domains of N(g) for g ∈ PSL2(Z) ∼= Z2 ∗ Z3.
We must first begin by recalling the definition of the Poincaré disk model of hyperbolic space.
Definition 0.14. The Poincaré disk D2 is a model of hyperbolic space which is created by projecting the hyperboloid
representation of hyperbolic space onto the unit disk centered at the origin.
We must next recall the metrics defined on H2 and D2.
We define the metric dD on Dn by the formula dD(x, y) = dH(ζ(x), ζ(y)). Then dD is called the Poincaré metric
on Bn. Note that ζ is the isometry from Dn to Fn by definition.
Recall that the Poincaré half-plane model together with the Poincaré metric makes a model of two-dimensional hyper-
bolic geometry given by {(x, y) : y > 0} and
d((x1, y1), (x2, y2)) = arccosh
(
1 +




There is an isometric bijection from H2 to the Poincaré disk D2 given by φ : H2 → D2 where φ(z) = i−zz+i and
φ−1(z) = i 1−z1+z .
This map is a conformal mapping from H2 to D2. Since this map is conformal, we can map the tessellation of H2
created by the action of PSL2(Z) onto D2. We will map points on the boundary of the fundamental domains to points
in D2. [11]
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Then this gives us a clear tessellation of the Poincaré disk:
For the rest of the chapter we will use a rotation of this model given by:
With this tessellation of the Poincaré disk we are able to examine the fundamental domains on D2.
Definition 0.15. Let (M,d) be a metric space whereM is path connected. Let u, v ∈M . Let
Γu,v = {γ : [0, 1]→M with γ(a) = u and γ(b) = v}.
Define arclength (γ) = inf{`(P ) : P is a polygon approximating γ}. If there exists γ′ such that the arclength of
γ′ = inf Γu,v then γ′ is called a geodesic from u to v.
Then each geodesic on the above tessellation of the Poincaré disk corresponds to a geodesic in the upper half-plane
model. Each triangle in the tessellation of the disk above is a fundamental domain of the action of PSL2(Z).
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This grey fundamental domain is the one that corresponds to the fundamental domain
R =
{
z ∈ H2 : |z| > 1, |Re(z)| < 1
2
}
in the upper half-plane model.
The fundamental domain of the action ofN(S) on D2. Now that we have defined the correspondence between
H2 and D2 and the tessellation created by the action of PSL2(Z), we can begin to study the action of the normal
subgroups N(g) on D2.
Recall that the fundamental domain of N(S) in H2 contains three of triangular fundamental domains of PSL2(Z).
The fundamental of N(S) in D2 will similarly contain three triangles.
Examining this fundamental domain, we see that the fundamental domain of N(S) on D2 and H2 are similar both in
the number of edges and in the way the fundamental domains of PSL2(Z) glue together to create the new fundamental
domain of the action of N(S). This result is intuitive since we are using the isometry φ : H2 → D2 to find the
fundamental domains on D2.
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The fundamental domain of the action of N(U) on D2. Recall that the fundamental domain of N(U) in H2
contained two of triangular fundamental domains of PSL2(Z). The fundamental ofN(U) in D2 will similarly contain
two triangles.
The fundamental domain of the action ofN(SUSU2) onD2. Recall that the fundamental domain ofN(SUSU2)
inH2 contained six of triangular fundamental domains of PSL2(Z). The fundamental ofN(SUSU2) in D2 will sim-
ilarly contain six triangles.
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The fundamental domain of the action ofN((SU)2) onD2. Recall that the fundamental domain ofN((SU)2)
inH2 contained six of triangular fundamental domains ofPSL2(Z).The fundamental ofN((SU)2) inD2 will similarly
contain six triangles.
Note that, as in the upper half-plane model, even thoughN(abab2) andN(abab) contain the same number of domains
of PSL2(Z), their fundamental domains are distinct.
The fundamental domain of the action ofN((SU)3) onD2. Recall that the fundamental domain ofN((SU)3)
in H2 contained twelve of triangular fundamental domains of PSL2(Z). The fundamental of N((SU)3) in D2 will
similarly contain twelve triangles.
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The fundamental domain of the action ofN((SU)4) onD2. Recall that the fundamental domain ofN((SU)4)
in H2 contained twenty-four of triangular fundamental domains of PSL2(Z). The fundamental of N((SU)4) in D2
will similarly contain twenty-four triangles.
The fundamental domain of the action ofN((SU)5) onD2. Recall that the fundamental domain ofN((SU)5)
in H2 contained three of triangular fundamental domains of PSL2(Z). The fundamental of N((SU)5) in D2 will
similarly contain six triangles.
Now that we have examined the fundamental domains of the action of N(g) on D2 and H2, we will study how the
fundamental domains of G/N(g) relate to the Cayley graph of G/N(g).
CHAPTER 5
Correspondence between Cayley graphs and fundamental domains
In this chapter we will consider the correspondence between H2 and the Poincaré disk model and the Cayley graphs
that we discussed in chapter 1. We will attempt to connect all three models of understanding N(g) for g ∈ Z2 ∗ Z3.
Now that we have studied the fundamental domains on the Poincaré disk model, we will attempt to combine this
understanding of Z2 ∗ Z3 with the one we developed by examining the Cayley graphs. We will do this by choosing a
point in the Poincaré disk and acting on it by elements ofG/N(g) to create a Cayley graph. Note that whileN(g) acts
on H2, we have G/N(g) acting on the fundamental domain of N(g).
The Cayley graph and fundamental domain of N(a) on D2. Recall that the fundamental domain of N(a) in
H2 contained three of the triangular fundamental domains of PSL2(Z). Then recall that the Cayley graph of G/N(a)
contains three nodes. We will choose i2 as our fixed point and act on
i
2 by elements of G/N(a). The resulting action
gives us the following Cayley graph.
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The Cayley graph and fundamental domain ofN(b) onD2. Recall that the fundamental domain ofN(b) inH2
contained two of triangular fundamental domains of PSL2(Z). Then recall that the Cayley graph of G/N(b) contains
two nodes. We will choose i2 as our fixed point and act on
i
2 by elements of G/N(b). The resulting action gives us the
following Cayley graph.
The Cayley graph and fundamental domain of N(abab2) on D2. Recall that the fundamental domain of
N(abab2) in H2 contained six of triangular fundamental domains of PSL2(Z). Then recall that the Cayley graph
of G/N(abab2) contains six nodes. We will choose i2 as our fixed point and act on
i
2 by elements of G/N(abab
2).
The resulting action gives us the following Cayley graph.
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The Cayley graph and fundamental domain of N((ab)2) on D2. Recall that the fundamental domain of
N((ab)2) in H2 contained six of triangular fundamental domains of PSL2(Z). Then recall that the Cayley graph
of G/N(abab) contains six nodes. We will choose i2 as our fixed point and act on
i
2 by elements of G/N((ab)
2). The
resulting action gives us the following Cayley graph.
The Cayley graph and fundamental domain of N((ab)3) on D2. Recall that the fundamental domain of
N((ab)3) in H2 contained 12 of triangular fundamental domains of PSL2(Z). Then recall that the Cayley graph
of G/N((ab)3) contains twelve nodes. We will choose i2 as our fixed point and act on
i
2 by elements of G/N((ab)
3).
The resulting action gives us the following Cayley graph.
Recall that the fundamental domains of the action of Z2 ∗ Z3 glue together to create the fundamental domains of the
action of Z2 ∗Z3/N(g). We shall refer to the fundamental domains of the action of Z2 ∗Z3 as components. Then note
that in general the Cayley graph of Z2 ∗Z3/N(g) superimposed on the fundamental domain of its action has one node




Given the research acquired in this dissertation, we can pose many questions that can continue to be studied. Some of
these conjectures include:
(1) Let Z2 ∗ Z3/N(g) ∼= H, where H is finite. Suppose H ∼= Z2 ∗ Z3/N(h), then N(h) = N(g).
(2) Classify G/N(g) using combinatorics of g.
(3) The quotient group G/N((ab)n) is infinite for all n ≥ 6.
(4) If G/N(g) is isomorphic to Z3, then the word g has odd length.
(5) If G/N(g) is isomorphic to Z2, then the word g has even length.
(6) In the disk example, every Farey fraction on the boundary is connected to any other Farey fraction on the
boundary by a hyperbolic line.
(7) If g, h are elements inG = PSL2(Z) andN(g, h) is the smallest normal subgroup containing g and h, then
there is k such that N(g, h) = N(k).
(8) If g, h are elements inG = PSL2(Z) andN(g, h) is the smallest normal subgroup containing g and h, then
there is k such that G/N(g, h) is isomorphic to G/N(k).
(9) All the congruence subgroups are of the form N(g).
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